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Root Graded Lie Superalgebras 


Malihe Yousofzadelfl 


Abstract. We define root graded Lie superalgebras and study their connection 
with centerless cores of extended affine Lie superalgebras; our definition generalizes 
the known notions of root graded Lie superalgebras. 

0. Introduction 

Motivated by a construction appearing in the classification of finite dimensional 
simple Lie algebras containing nonzero toral subalgebras |22l . S. Berman and R. 
Moody pH] introduced the notion of a Lie algebra graded by an irreducible reduced 
finite root system. This notion was generalized to Lie algebras graded by a locally 
finite root system and well studied through a variety of papers; recognition theorems 
for root graded Lie algebras are found in HH3, 0, E3, 0, 0, M and their central 
extensions have been studied in 0 , 0 and [25]. Roughly speaking, a root graded 
Lie algebra is a Lie algebra which is graded by the root lattice of an irreducible 
locally finite root system R and contains a locally finite split simple Lie algebra 
whose root system is a full subsystem of R. One of the important phenomena in 
the study of root graded Lie algebras is their interaction with other classes of Lie 
algebras such as invariant affine reflection algebras [20] (see also ffl, 0 and my 
more precisely, the main ingredient in constructing an invariant affine reflection 
algebra is a root graded Lie algebra [20] §6]. 

There have been two different approaches to define root graded Lie superalge¬ 
bras. One is working with Lie superalgebras which are graded by the root lattice 
of a locally finite root system and satisfy modified properties of a root graded Lie 
algebra |21| ; the other one is working with a Lie superalgebra C containing a basic 
classical Lie superalgebra with a Cartan subalgebra TL with respect to which C has 
a weight space decomposition satisfying certain properties [7]. In fact in the latter 
case, C is graded by the root lattice of the root system of a basic classical Lie super¬ 
algebra. Root systems of basic classical Lie superalgebras are exactly generalized 
root systems introduced by V. Serganova in 1996 }23{ . Generalized root systems 
are called finite root supersystems in [26] where the author introduces locally finite 
root supersystems and gives their classification. Locally finite root supersystems 
which are extended by abelian groups appear as the root systems of specific Lie 
superalgebras named extended affine Lie superalgebras m- The so called core of 
an extended affine Lie superalgebra is a Lie superalgebra satisfying certain prop¬ 
erties which are in fact a super version of the features defining a root graded Lie 
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algebra. This motivates us to define root graded Lie superalgebras in a general set¬ 
ting. Our definition is a generalization of both mentioned notions of root graded Lie 
superalgebras. In a series of papers, G. Benkart and A. Elduque studied Lie super¬ 
algebras graded by finite root supersystems C(n), D(m, n), D(2, 1; a), F(4), G(3), 
A(m,n) and B(m,n)\ see [7], [8] and [9]. We give a recognition theorem for Lie 
superalgebras graded by the locally finite root supersystem of type BC(I , J). 

This paper has been organized as follows. We begin the first section with gath¬ 
ering some information regarding the locally finite Lie superalgebra osp (/, J) and 
conclude the section with a separate subsection devoted to extended affine Lie su¬ 
peralgebras and their root systems. The material of this section are used to prove 
our recognition theorem for BC(I, J)-graded Lie superalgebras. In Section 2, we 
define root graded Lie superalgebras and realize extended affine Lie superalgebras 
using root graded Lie superalgebras; we consider it as a first step of constructing 
extended affine Lie superalgebras. Last section is exclusively devoted to the study 
of BC(I , J)-graded Lie superalgebras. 

1. Preliminaries 

Throughout this work, F is a field of characteristic zero. Unless otherwise men¬ 
tioned, all vector spaces are considered over F. We denote the dual space of a vector 
space V by V*. If V is a vector space graded by an abelian group, we denote the 
degree of a homogeneous element x £ V by |x|; we also make a convention that if 
for an element x of V, |x| appears in an expression, by default, we assume that x is 
homogeneous. For a superspace V, by EndF(U), we mean the superspace of linear 
endomorphisms of V. If A is an abelian group, we denote the group of automor¬ 
phisms of A by Aut(A) and for a subset X of A, by (A), we mean the subgroup 
of A generated by X. Also we denote the cardinal number of a set S by |,S|; and 
for two symbols i,j, by A.j, we mean the Kronecker delta. We use ttl to indicate 
the disjoint union and for a map / : A —>■ B and C C A, by / | c , we mean the 
restriction of / to C. Finally, we denote the center of a Lie superalgebra Q by Z(Q) 
and for (7-modules V and W. by a (7-module homomorphism from V to W, we mean 
a linear map ip : V —> W satisfying 

ip(xv) = xtp(v)\ x £ (7, v £ V. 

1.1. On locally finite Lie superalgebra osp (/, J). For two disjoint nonempty 
index sets /, J, suppose that {0, i, i, | i £ I Li J} is a superset with |0| = |z| = |i| = 0 
for i G I and \j\ = \j\ = 1 for j £ J. Take u to be a vector superspace with a basis 
{vi \ i£lUlUJUJU {0}} and 

|v»| := |*|; ie/U/UJuJu{0} 

in which by I (resp. J), we mean {i \ i G 1} (resp. {j \ j £ J}). Take (•, •) to be 
the skew supersymmetric bilinear form (•, •) on u defined by 

(1.1) (y 0 ,v 0 ) '■= 1 ,(vi,Vj) := 0, := 0, {v h vf) = (-l) |l||j| (vj, v t ) := 5 i}j 

for i,j £ I U J. Now for j, k £ {0} U / U I U J U J, define 

(1.2) : u—* u; Vi n- Sk,iVj, (i £ {0} U / U I U J U J). 

Then 

(1.3) gl := span F {eyfc | j. k £ {0} U/U/UJUJ} 


is a Lie subsuperalgebra of EndF(u). Suppose that 7 £ {1,-1}. For i = 0,1, take 
(Ay)j := {s £ gly | str(s) = 0 and (su, v) = j(—l)^^(u, sv), Vu, v £ u} 
and set 

A~j I = (^. 7)0 

We next put 

(1.4) g := A-i and s := A\. 

One knows that g is a Lie subsuperalgebra of Endp(u). Set 

(1.5) f) := span F {h t , d k \ t £ /, k £ J} 
in which for t £ / and fc £ J, 

ht .— Cy y and d k .— 
and for i £ / and j £ J, define 

o, : h - - > F 4, : h - > F 

ht h> 5ij, d k H> 0, ht 0, dk H > 

in which t £ I and k £ J. Then u is a g-module equipped with a weight space 
decomposition u = © o£ a u u“ with respect to fp where 

(1.6) A u = {0, ±ej, ±Sj \ i € I,j £ J} 

with 

u° = Fuo, u £i = Fip,, u~ £i = Fvj, u Sj = Fvj ,, u _<5j ' = Fvj 
for i £ I and j £ J. Also for 7 £ { 1 ,- 1 }, A 1 is a g-module having a weight space 
decomposition with respect to fp Taking R (resp. A s ) to be the set of weights of 
A -1 (resp. Ai) with respect to 1 ), we have 

(1.7) 

R — { Ae r , A (c r A e s ), Ad p , A (Sp A dg), A (e r A d p ) |r, s £ 7, ^ 


Ag — {Ae r , A(e r A e s ), A dp, A(d p A dg), A(e r A dp) | r, s £ 7, p 1 q £ <7, p / (/}. 
Moreover, for r, s £ 7, p,q £ J, r ^ s and p A q, we have 


(A 7 ) £r = span F (e r! o + 7eo,f), 
(.A 7 ) £ '' +£s = span F (e r ,g A 7 e s , f ), 
(M 7 ) £r_£s = span F (e rjS A 7 e s,f); 
(M 7 )^ 2£r ' = span F d 7i iep >r , 
{A 7 )~ 2Sp = span F d 7i _ie PiP , 
(A 1 )~ Sp ~ Sq = span F (e Pig - 7 e,, p ), 
(Ay) Sp = span F (e 0 , p - 7 e p , 0 ), 

(A 7 ) p — span F (e rjP A 7 
(M 7 ) £r_,5p = span F (e rjP - 7 e Pjf ), 


(A 7 ) _£ '' = span F (e Pi0 +7^), 

(A 7 ) _£, ' _£s = span F (e f>s A 7^), 
(A 7 ) 2£r = span F d 7 pe rj f, 

(A 7 ) 2Sp = span F d 7i _ie PiP , 
(M 7 ) <5!,+,5 ‘ ! = span F (e Pj q - 7 e Pj(? ), 
(M 7 ) <5p_ ' 5 ‘ I = span F (e Pi<? A je^p), 
(A 7 ) _,5p = span F (e 0iP A 7e p , 0 ), 
(A 7 ) _£, ' _ ' 5p = span F (e fiP - 7 e p , r ), 
(A- t )~ er+Sp = span F (e f = iP A 7 e p , r ). 
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In the literature, g is denoted by osp(/, J) and referred to as an orthosymplectic 
Lie superalgebra. We also refer to g as the split locally finite Lie superalgebra of 
type B(I , J) (.B(to, n) if |/| = m,\J\ = n) and say I) is the standard splitting Cartan 
subalgebra of g. We also refer to the g-module u as the natural module of g and to 
the g-module s as the second natural module of g. We take 

0 B := 0 Pi span F {ei !: ,' | i,j £ I U / U {0}} and 0 C := 0 (~l span F {eij | i,j € J U J}. 

Then g B (resp. g c ) is a locally finite split simple Lie algebra of type Bi (resp. 
Cj) with splitting Cartan subalgebra span F {ft,i \ i £ 1} (resp. span F {<i,- | j £ 
J}) and corresponding root system {0, ±ei,±(ei ± e,-) I i.j £ I, i j } (resp. 
{0 ±2^,±(^±^) |p ^.z}) [T9]. MoreoW 

5 B '■= {x £ s PI span F {eij | i,j £ I U I U {0}} | tr(x) = 0} 
is a g B -module and 

s c := {x £ s fl span F {ejj | i,j £ J U J} | tr(x) = 0} 
is a g c -module. We finally note that if 

|/| = m, \J\ = n and 3 := Y £ii + J- e*, 

i€{0}UIUI ieJUJ 

then we have 

Sg = s B ® s c ® F3. 

We have the following straightforward proposition. 

Proposition 1.8. Use the same notation as in the text and suppose that I' C 
/, J' C J. Consider and take 

R! := RC\ span z {ei,5 p \ i £ I',j £ J'} and S := A 5 fl spa%{ei, 8 V \ i £ I',j £ J'}. 

Set 

G ■■= 0 0 “© Y [0 a >0 _ “] and S := 0 © Y 0”' s "“> 

a€R\{ 0} aei{\{0} a£S\{ 0} a6S\{ 0} 

then we have the following: 

(i) Q is a Lie subsuperalgebra o/g isomorphic to osp (I',J'). 

(ii) Consider s as a Q-module, then S is a Q-submodule of s isomorphic to the 
second natural module of Q. 

(in) Suppose that V is a g-module isomorphic to g and set 
W:= 0 Wffi Y, 0 a '^ _ “. 

a£R'\{ 0} a£R'\{ 0} 

then W is a Q-module isomorphic to Q. 

(iv) If K is a g-module isomorphic to s, then 

T := 0 K a ® Y 0“ ' K ~ a 

<*es\{ o} q6S\{o) 

is a Q-module isomorphic to the second natural module of S. 

(v) Set Ti := {0, ±ej, ±<5^ | i £ I',j £ J’}. If U is a g-module isomorphic to u, 
then 

M~ 0 U a © Y 0“' U ~ a 
«er 1 \{o} oer!\{ 0 } 

is a Q-module isomorphic to the natural module of osp(/ / , J'). 
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1.2. The Lie superalgebra osp(m,n). In this subsection, we suppose the field F 
is algebraically closed and gather some facts regarding finite dimensional orthosym- 
pletic Lie superalgebras. We keep the same notations as in the previous subsection 
and suppose I = {1,..., m} and J = {1,..., n}. We denote the set of go-module 
homomorphisms from a go-module X to a go-module Y by hom 0 s (Jf, Y). 


Proposition 1.9. Suppose that 2 ^+i then 


h °m fi0 (gi ®u 0 ,5o) = {0}, 
h °m eo (gi <S> Uo,Si) = {0}, 
hom fl0 (gi ®sg,u g ) = {0}, 

h°m 0o (gi < 8 >S 0 :Ui) = { 0 }, 
h°m go (gi ® Ug, go) = {0}, 
h° m fl0 (gi <8> ug, gj) = {0}, 
h °m go (gi ®gg,u 0 ) = {0}, 
h°m 0o (gi <S> gg, Uj) = {0}, 


honi g 0 (0l ® Ui,So) = {0}, 
hom 0o (gi ® uj,sj) = { 0 }, 
hom 0o (gi 0 si!ug) = {0}, 
h °m 0o (gi 0SI.U!) = {0}, 
h om 0 o (gi ® U I, gg) = { 0 }, 
h°m Ba (gi ®ui,gi) = {0}, 
hom 0 D (0I ® 01, Ug) = {0}, 
hom 0 D (0I ® 01> u i) = {01- 


Proof. We first note that gj is a gg-module isomorphic to ug ®Uj and fix the base 


{ci 62 ,..., e m —1 Cm; e m , J 2 , ■ • •, S n —1 26 n } 


for the root system of gg. With respect to this base, we denote the finite dimensional 
irreducible gg-module of highest weight A by V (A) and recall that 

for two finite dimensional irreducible highest weight modules V (A) 

, and V(p), P(A) ® V(p) is decomposed into finite dimensional ir¬ 

reducible highest weight modules of highest weights of the form 
[i + A' for some A' in the set of weights of V (A); 

see m Exercise 24.12]. We also recall that if V is an irreducible g B -module and 
W is an irreducible g c -module, then V < 8 > W is an irreducible gg-module. 

hom 0o (gj <8)Uq,Sq) = {0} : Suppose that ug ®Ug = ©[ =1 Vi is the decomposition of 
the gg-module ug®ug into finite dimensional irreducible highest weight go-modules. 
Now we have 


hom go (gj <8> Ug,Sg) rs hom gB ((ug ® Ug) (g> Uj, Sg) ~ hom 0o (©■ =1 U; <S> Ug,Sg) 

~ ©i =1 hom fl0 (ki ® uj,sg) 

~ ®[ =1 hom 0o (Vi ® ug, s c ) 

© ©[ =1 hom 0D (V. ® ui , s b ) 

© ffi[ =1 hom 0o (Vi ® Ui, F3). 

If hom 0o (Vi ® Uf .s c ) ^ {0} for some i, then there is a nonzero gg-module ho¬ 
momorphism ip G hom 0o (U; ®Uj,s c ) ^ {0}. But V ® uj and s c are irreducible, 
so ip is an isomorphism. We note that the set of weights of s c as a gg-module is 
{0, ±(<5 p ± S q ) | 1 < p ^ q < n} while the set of weights of Vi ® uj is a subset 
of {±£; ± S p , ±£j ± €j ± 8 p | 1 < i,j <m, 1 < p < n} which is a contradiction. 
Using the same argument as above, we get that hom 0o (U <g> uj,s B ) = {0} for all 
1 < i < r. Also as dim(U <8> uj) > 1, there is no isomorphism from Vi <g> uj to F3 
and so hom 0B (U 0 up FA) = {0}. 
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hom 0B (gj ® uj,Sg) = {0} : Consider the decomposition uj ® Uj = ©| = 1 V^ of the 
g c -module ui <g) Uj into irreducible submodules. We have 

h° m 0o (fli ®Uj,Sg) ^ hom BO (u 0 ® (u T ® Ui),Sg) ^ hom 0 o(©i=i u o ® V-,s 0 ) 

- ©i=l hom 0o( U O ® ^,«o) 

- ©i=i hom 0o (uo ® V*,s B ) 

® ®| =1 hom 0o (ug ®V,S C ) 

© ffif =1 hom 0o (ug ® Vi , F3). 

As before, since dim(ug®Vi) > 1, there is no gg-module isomorphism from ug®F) 
to F3, so hom 0o (ug ® Vi, F3) = {0}. Also the set of weights of ug ® Vi nontrivially 
intersects {±<5 p ± 6 q ± ej | 1 < p, q < m, 1 < j < n} while the set of weights of gg- 
module s B and the set of weights of gg-module s c are {±£i ±ej | 1 < i, j < to} and 
{0, ±(<5 P ± S q ) | 1 < p < q < n} respectively. Therefore hom 0o (ug ® Vi,s B ) = {0} 
and hom 0B (ug ® Vi,s c ) = {0}, for all 1 < * < s. 

hom 0o (gj ® 5g, ug) = { 0 } : Suppose thatuj®s c = ©* =1 W(? 7 i) is the decomposition 
of the g c -module uj ® s c into irreducible submodules and note that by (11.101) . 
{r]i \ 1 < i <t} C {(6i + (5 2 ) ± S p | 1 < p < n}, so for 1 < i < t , r]i ^ 0. Therefore, 
dim(C(r;i)) ^ 1 which in turn implies that dim (ug® 1 ^( 7 ^)) ^ dim(ug). In particular, 
since ug <8>V(rii) and Ug are irreducible gg-modules, we have 

(1.11) hom 0o (ug <S> V (rji), Uq) = {0}; 1 <i<t. 

Next suppose that ug ®s B = ®f = 1 ld( 0 j) is the decomposition of the g B -module 
ug ® s B into finite dimensional irreducible highest weight submodules, then by 
(11.101) . {6i | 1 < i < s} C {2ei, 2ei ± ej | 1 < j < to}. Therefore, for each 1 < i < s, 
the set of weights of V(6i) ® uj nontrivially intersects {2ei ± S p , 2 ei ± ej ± S p \ 1 < 
j < to, 1 < p < n}. So V ( 0i) ® Uj is not isomorphic to Ug or uj as the set of weights 
of ug is { 0 , ±6j | 1 < j < to} and the set of weights of ui is (±d p | 1 < p < n}; in 
particular, since V(6i) ® Ui,Ug and uj are irreducible gg-module, we have 

(1.12) hom 0D {V(6i) ® Uj, Ug) = {0} and hom 0D (V(6i) ® Ui, Uj) = {0}. 

We also note that gi and Ug as well as gg and ui are non-isomorphic irreducible 
gg-modules, so we get that 

(1.13) hom 0n (gj ® F3,ug) = {0} and hom 0o (gj ® F3,ui) = {0}. 

Now using (I1.11I) - (I1.13I) . we have 

hom Bo (gi ® s 5 , w 0 ) hom Bo (gi ® s B , ug) ® hom B0 (gi ® s c , ug) © hom B0 (01 ® F3, ug) 
-hom B0 ((ug 0 s B ) ® ui,ug) ©hom B 0 (u 5 0 (uj 0 s c ),u g ) 

— hom Bo (©“_!F( 0 i) ® ui,ug) ©hom Bo (ug 0 ®* = 1 C(r 7 i), ug) 

~ ffif =1 hom BD (V ( 0i) ® Ui, ug) ffi ffi* = i hom Bo (ug ® V(r/i), «o) 

= { 0 }. 


hom 0B (gj ®Sg,uj) = {0} : For this, we first note that if 0 ^ ip £ hom 0o (ug ® 
V{r]i),ui), then tp is an isomorphism and so dim^^)) = 2n/(2m + 1) ^ Z, a 
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contradiction. This together with (11.121) and (11.131) implies that 

hom Bo (fli ® So, ui) ~ hom 0o (fli 0 s B , ui) ® hom w (gj 0 6 C , ui) ® hom B0 (gj; 5 
— hom 00 ((ug 0 s B ) 0 ui, uj) ® hom 0o (uo 0 (uj 0 s c ),uj) 


) F3, ui) 


— hom 0o (®i =1 V(6k) 0ui,ui) ®hom 0o (uq 0 ®‘=ih())i), Ui) 
-®i=i hom 0o (V (9 i) 0 ui,ui) ® ®‘ =1 hom 0o (uo 0V(f|i),ui) 
-®i=i hom 00 (ug 0 V(rn), ui) = {0}. 


These together with [9] §3] and the fact that S\ is a gg-module isomorphic to the 
0 o-module gj, completes the proof. □ 

Recall OD and suppose that |/| = m,\J\ = n. One knows that 

n .— {( 5 l S2 , &2 • j &n — 1 d n , d n £l, C\ €2, - ■ . , Cm — 1 Cm; 

is a fundamental system for the root system R of the finite dimensional basic 
classical simple Lie superalgebra g with respect to the positive system 

{<5 P ± S q , 2 S p , S p , 6 p ±e i ,e i ±e j ,e i \l <i < j <m, 1 <p < q <n}. 

Set p := (l/2)X^ a eK +a — (1/2) S a g_R+ a ; where Rq (resp. i?/~) is the set of 
positive even (resp. odd) roots, then we know from [15] (2.2)] that 

(1.14) 


the Casimir element T of g acts on the highest weight 
g-module of highest weight A as (A, A + 2p)id 

where “ id ” indicates the identity map. Moreover, we have 


(1.15) 


—2(n — m) if A = <5i 

(A, A + 2 p) = ^ —2 — 4 (n — m) if A = 2S± 

2 — 4 (n — m) if A = + 62 - 


Using El Thm. 2.14] (see also [15] Thm. 8 ]), we get that the only nonzero elements 
of 

(1.16) 'L := i?U{±2 £i | 1 < i < m} 

which can be the highest weight for a finite dimensional irreducible g-module are 

2<5i, (5i + <5 2 , if n > 2 , 

2<5i, <5i+ei, 5\ if n = 1. 

One knows that up to isomorphism, the only finite dimensional irreducible g-module 
whose highest weight is 25\ (resp. S\) is g (resp. u). Also up to isomorphism, s 
is the only finite dimensional irreducible g-module whose highest weight is <5i + 62 
if n ^ 1 and ei + 8 \ if n = 1. The following lemma and its corollary are a slight 
generalization of a result of [9] §3]. 


Lemma 1.17. Let n ^ 1 and consider 11.1(H) . Suppose that X is a finite dimen¬ 
sional Q-module equipped with a weight space decomposition with resect to t) whose 
set of weights is contained in Mb Suppose that Y is an irreducible Q-submodule of X 
isomorphic to one of the Q-modules g, u, s or the trivial module such that X/Y is 
also an irreducible Q-module isomorphic to one of the above Q-modules, then X is 
completely reducible. 








Proof. For x € X, we denote the image of x in X/Y under the canonical epirnor- 
phism - : X —> X/Y by x. Since Y and X/Y are finite dimensional irreducible 
g-modules, they are highest weight modules. Suppose that A and p are the highest 
weights of Y and X/Y respectively. We first suppose that (A, A + 2 p) ^ (p, p + 2 p). 
If r is an eigenvalue of the action of the Casimir element T on X, then there is 
a nonzero x £ X with Ta; = rx , so Tx = rx. This means that either x = 0 or 
r = (/x, p + 2 p) by (11. 141) . In the former case, x e Y and so r = (A, A + 2 p). There¬ 
fore, the only eigenvalues for the action of T on X are (A, A + 2 p) and (p, p + 2 p); 
in particular X = X\ © Xf in which X\ and X^ are the generalized eigenspaces 
corresponding to (A, A + 2 p) and (/x, p + 2 p) respectively. Since T is a g-module 
homomorphism, Ala and X^ are g-submodules of X with Y C X\, therefore, we 
have y = 'y l ® —‘y—■ But t ' ie on ^ eigenvalue for the action of T on X/Y is 
(p, p + 2 p), so X\/Y = {0}; i.e., X\ = Y is an irreducible g-module. This also 
implies that X^ ~ X/Y is an irreducible g-module. Therefore, X = X\ © X^ is 
completely reducible. This completes the proof in this case. So from now till the 
end of the proof, we assume (A, A + 2p) = (/x, p + 2p). By (11.151) . one of the following 
cases can happen: 

• Y is isomorphic to X/Y, 

• one of Y and X/Y is the trivial module and the other one is isomorphic to 
u, 

• one of Y and X/Y is isomorphic to g and the other one is isomorphic to u, 

• one of Y and X/Y is isomorphic to s and the other one is isomorphic to u. 

Using the same argument as in [9j §3] together with Proposition 11.91 we get that 
in the first case, X is completely reducible and that the last three cases result in 
a contradiction but for the convenience of readers, we carry out the proof for one 
case. Suppose that Y is isomorphic to s and X/Y is isomorphic to u, then by (11.151) . 
—2 (n — m) = 2 — 4 (n — to) and so 2 m.+\ Consider X as a gg-module, then 
Xq as well as X\ are completely reducible £o“ m °dules and so for i = 0,1, there 

is a gg-submodule Zj of Xj with X- { = Y) © Z\. Set Z := © Z\ which is a Z 2 - 

graded subspace of X. Since g-module X/Y is isomorphic to u, Z as a gg-module is 
isomorphic to u. So X = lg ©© Zg © Zj is a decomposition of X into gg-modules 
with either Zq ~ ug and Z\ ~ uj or Zq ~ Uj and Z\ ~ ug. Since by Proposition [L91 

hom 0 5 (gi ®ug,sg) = {0}, hom S0 (gj © uj,Sg) = {0}, 
h °m Bs (gi ®u g ,Si) = {0}, hom S0 (gj © uj,Sj) = {0}, 

it follows that for i = 0,1, Q\Zi C Z, and so g Z C Z. This together with the fact 
that Z is a Z 2 -graded subspace of X implies that Z is a g-submodule of X. Also as 
g-module X/Y is isomorphic to u, Z as a g-module is isomorphic to u. Therefore, 
X is completely reducible. □ 

Corollary 1.18. Suppose that X is a finite dimensional Q-module equipped with 
a weight space decomposition with respect to f). If the set of weights of X is a 
subset o/T. then X is completely reducible such that its irreducible constituents are 
isomorphic to one of g-modules g, s, u or the trivial g-module. 

Proof. One knows that X has a composition series, say {0} = Xg C X\ C X 2 C 
• • • Q X t = X. For each 1 < i < t, Xi is an [psubmodule of X and so it inherits 
the weight space decomposition of X with respect to 1). This implies that the set 
of weights of Xi is contained in 4/ and so the set of weights of the irreducible 
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g-module Xi/Xi -1 is contained in *3/. Therefore, Xi/Xi-± is a finite dimensional 
irreducible g-module whose highest weight is an element of in particular, it either 
is isomorphic to one of g-modules g, s, u or is the trivial g-module. Now the result 
follows using Lemma 11.171 □ 

1.3. Extended affine Lie superalgebras and their root systems. In this 
subsection, we recall the notions of extended affine Lie superalgebras and extended 
affine root supersystems from [27]. We prove Lemma 2.28 which is essential for the 
study of root graded Lie superalgebras. In the sequel, by a symmetric form on an 
additive abelian group A, we mean a map (•,•): A x A —> F satisfying 

• (a, b ) = (6, a) for all a,b £ A, 

• (a + b, c) = (a, c) + (&, c) and (a, b + c) = (a, b ) + (a, c) for all a, b, c £ A. 

In this case, we set A° := {a £ A \ (a, A) = {0}} and call it the radical of the form 
(-,•). The form is called nondegenerate if A 0 = {0}. We note that if the form is 
nondegenerate, A is torsion free and we can identify A as a subset of Q <g>z A. In 
the following, if an abelian group A is equipped with a nondegenerate symmetric 
form, we consider A as a subset of Q <g>z A without further explanation. Also if A 
is a vector space over F, bilinear forms are used in the usual sense. 

We call a triple (£,77, (■, •)) a super-toral triple if 

• £ = Cq ® £j is a nonzero Lie superalgebra, 77 is a nontrivial subalgebra 
of £g and (-, ■) is an invariant nondegenerate even supersymmetric bilinear 
form (•, •) on £, 

• £ has a weight space decomposition £ — ffi ae -H.£ a with respect to 77 
via the adjoint representation; we note that as £q as well as £i are 77- 
submodules of £, we have £g = ©ae«*(£o)“ and £i = (BaeH*(£-i) a with 

(A)“ :=c- i nc a ,i = 0 , 1 , 

• the restriction of the form (•, •) to 77 x 77 is nondegenerate. 

We call R := {a £ 77* | £“ ^ {0}}, the root system of £ (with respect to 77). Each 
element of R is called a root. We refer to elements of R 0 := {a £ 77* | (£g)“ ^ {0}} 
(resp. 7?i := {a £ 77* | (£i)“ ^ {0}}) as even roots (resp. odd roots). We note that 
R = Rq U 7?i. Suppose that (£,77, (•, •)) is a super-toral triple with corresponding 
root system R and take p : 77 —> 77* to be the function mapping h £ 77 to (h, •). 
Since the form is nondegenerate on 77, the map p is one to one. So for each element 
a of the image 77 p of 77 under the map p, there is a unique t a £ 77 representing 
a through the form (•, •). Now we can transfer the form on 77 to a form on 77 p , 
denoted again by (•,•), and defined by 

(1.19) (a,/3) := (t a ,tp) (a,/3e77 p ). 

It is proved that if for a £ 7?,; \ {0} (i £ {0,1}), there are x a £ (£j)“ and X- a £ 
(Cj)~ a such that 0 ^ [x a ,x_ a ] £ 77, then a is an element of 77 p |27l Lem. 2.4]. 

Definition 1.20. A super-toral triple (£ = £g © £j, 77, (•, •)) (or £ if there is 
no confusion), with root system R = 7?o U R\, is called an extended affine Lie 
superalgebra if 

• (1) for each a £ Ri\{0} (i £ {0,1}), there are x a £ (£7)“ and X- a £ (A) - “ 
such that 0 ^ [ x a ,X- a ] £ 77, 

• (2) for each a £ R with (a, a) ^ 0 and x £ £“, adx : £ —> £ is a locally 
nilpotent linear transformation. 
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Suppose that (£, T~L , (•, •)) is an extended affine Lie superalgebra with root system 
R. It is proved that for a G Ri (i = 0,1) with (a, a) 7 ^ 0, there are e a G (£*)“, 
fa G (jCj)~ a such that (e Q , f a , h a := ^ ) is an s^-super-triple in the sense that 

[&ct ; /a] — ^ai — 2 e a , [h a , /)*] — 2 f a . 

Moreover, the subsuperalgebra Q(a) of Q generated by {e a ,/ a ,/i tt } is either iso¬ 
morphic to 5 I 2 or to spo( 2 , 1 ); see [271. 

Definition 1.21. Suppose that (£, R, (•, ■)) is an extended affine Lie superalgebra 
with root system R. The subsuperalgebra of £ generated by £“ for a G {/3 G R \ 
(/ 3,R ) 7 ^ {0}} is called the core of £. 

Example 1.22. A basic classical finite dimensional simple Lie superalgebra £ is 
an extended affine Lie superalgebra with £ = £ c . 

By m Pro. 3.3], the root system of an extended affine Lie superalgebra is an 
extended affine root supersystem in the following sense. 

Definition 1.23. Suppose that A is a nontrivial additive abelian group, R is a 
subset of A and (•, •) : A x A —> F is a symmetric form. Set 

R° := RC\ A 0 , 

R x :=R\R°, 

Rf e := {a G R \ (a, a) 7 ^ 0}, R re := R* e U {0}, 

RL --{aeR\R 0 \ (a, a) = 0}, R lm := R* m U {0}. 

We say (A, (•, -),R) is an extended affine root supersystem if the following hold: 

(51) 0 G R, and span z (i?) = A, 

(52) R = -R , 

(53) for a G Rf e and f) G R, 2 (a, (3)/(a, a) G Z, 

(root string property) for a G Rf e and /3 G R, there are nonnegative integers 

(54) P, Q w ith 2(/3, a)/{a, a) = p — q such that 

{f3 + ka | k G Z} (~l R = {/3 — pa ,..., ft + qa }, 

(55) for a G Ri m and f3 G R with (a, ff) 7 ^ 0, {/3 — a, (3 + a} fl R 7 ^ 0. 

If there is no confusion, for the sake of simplicity, we say R is an extended affine root 
supersystem in A. An extended affine root supersystem R is called irreducible if R x 
cannot be written as a disjoint union of two nonempty orthogonal subsets. An ex¬ 
tended affine root supersystem (A, (•, •), R) is called a locally finite root supersystem 
if the form (•, •) is nondegenerate. 

Example 1.24. Extended affine root systems [1] and invariant affine reflection 
systems [2Uj are examples of extended affine root supersystems. Also a generalized 
root system (23] is a locally finite root supersystem. 

Definition 1.25. Suppose that (A, (-, • ),R ) is a locally finite root supersystem. 

• A subset 5 of R is called a sub-supersystem if the restriction of the form to 
(5) is nondegenerate, 0 G 5, for a G 5 fl Rf e , fi G 5 and 7 G 5 fl Rim with 
(/3,7) r a {/3) G 5 and { 7 -/ 3,7 + 5 } n 5 7 ^ 0 . 
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• A sub-supersystem S' of R is called full if spanjjS = Q ®z 4. 

• If ( A , (•, •), R) is irreducible, R is said to be of real type if spanQ^Ve = Q®zA; 
otherwise, we say it is of imaginary type. 

• If {Ri | i £ 1} is a class of sub-supersystems of R which are mutually 

orthogonal with respect the form (•, •) and R\ {0} = \ {0}), we say 

R is the direct sum of Ri s and write R = (BieiRi■ 

• The locally finite root supersystem (A, (•, •), R) is called a locally finite root 
system if Ri m = {0}; see Il6j . 

We have the following straightforward lemma; see [26] Lem. 3.20]: 

Lemma 1.26. If {(Xi, (•, •)*, Si) \ i £ 1} is a class of locally finite root super¬ 
systems, then for X := g/W and (•, ■) := ®»e/(-,-)i (A", (•,•), S := Ujg/Sj) is a 
locally finite root supersystem. Also each locally finite root supersystem is a direct 
sum of irreducible sub-supersystems. 

Definition 1.27. (i) Two irreducible extended affine root supersystems (A, (■, -)i,R) 
and {B, (•, -) 2 , S) are called isomorphic if there is a group isomorphism ip : A —> B 
and a nonzero scalar r £ F such that <p(R) = S and (ai, 02)1 = r(<p(ai), (p(a 2 )) 2 for 
all ai, 02 £ A. 

(ii) Suppose that (A, (-, -),R) is an extended affine root supersystem. The sub¬ 
group W of Aut(A) generated by r a , a £ R* e , is called the Weyl group of R ; we 
note that for a £ R* e and a £ A, (SI) and (S3) imply that 2(a, a)/{a, a) £ Z and 
so r a : A — > A mapping a £ A to a — 2 ^'a) a a § rou P automorphism. 

Theorem 1.28. (see [TO , §4.14, §8] and [2(51 Lem. 3.21]^) Suppose that T is a 
nonempty index set and U := ©jg^Ze,; is the free Z-module over the set T. Define 
the symmetric form 

(■,•) : U x U —\ F; (e*,ej) = for i,j £ T 


and set 





At - = 

{a - €j | i, 

j £ T} if |T| > 1, 


D r T := 

{±(ei ± tj] 

) 1 i,j€T, i^j} if |T| > 2, 

(1.29) 

13 t := 

+r 

± 1 i, j 6 T, i^j}, 


C T := 

{±2 a, ±(e, 

±ej) | i,j £ T, i^j}, 


BCt • 

= Bt U Ct 



These are irreducible locally finite root systems in their Z -span’s. Moreover, each 
irreducible locally finite root system is either an irreducible finite root system or 
an infinite locally finite root system isomorphic to one of these locally finite root 
systems. 

We refer to locally finite root systems listed in (11.291) as type A, D, B , C and BC 
respectively. We note that if R is an irreducible locally finite root system as above, 
then (a, a) £ N for all a £ R. This allows us to define 

R s h ■= {a £ R x | (a, a) < (/3, /3); for all /? £ 1?}, 

Rex ■= R n 2 R sh and R ig := R x \ (R sh U R ex ) 

Rred ■= {0} U Rsh U Rig. 

The elements of R s h (resp. Ri g ,R ex and R re d ) are called short roots (resp. long 
roots, extra-long roots and reduced roots ) of R. We point out that following the 
usual notation in the literature, the locally finite root system of type A is denoted 
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by A instead of A, as all locally finite root systems listed above are spanning sets 
for F U other than the one of type A which spans a subspace of codimension 1. 

Convention 1.30. We make a convention that if a locally finite root system R 
is the direct sum of subsystems Ri , where i runs over a nonempty index set /, for 
* € {sh, Ig, ex, red}, by 1?*, we mean U* ei(Ri)*- 

Theorem 1.31 f |26l Thm. 4.28]). Suppose that T,T' are index sets of cardinal 
numbers greater than 1 with |T| A \T'\ if T,T' are both finite. Fix a symbol a* 
and pick to £ T and po £ T'. Consider the free T,-module X := Z a* ® © 

and define the symmetric form 


(;-):XxX 


F 


by 


(a*, a*) := 0, (a*,e to ) := 1, (a*, S Po ) := 1 

(a*, e t ) := 0, ( a*,S q ) := 0 t £ T \ {t 0 }, q&T'\ {p 0 } 

At) $p) •— At) e s) ■— &t,s) Ap) t : s T,p, q £ T . 


Take R to be R re U Rf m as in the following table: 


type 

Rre 

OX 

lx im 

A(0,T) 

{et — e s | s £ T} 

±Wa* 

C(0, T) 

(±(e t ±e s ) | t,s£T} 

±Wa* 

A(T, T') 

{et — e 3 , S p — S q \ t,s £T,p,q £ T'} 

±Wa* 


in which W is the subgroup of Aut(X) generated by the reflections r a (a £ l? r e\{0}) 
mapping (3 £ X to (3 — then (A := (!?),(-,•) \a*A)R) is an irreducible 

locally finite root supersystem of imaginary type and conversely, each irreducible 
locally finite root supersystem of imaginary type is isomorphic to one and only one 
of these root supersystems. 

Theorem 1.32 ([2S Thm. 4.37]). Suppose (X u (•, -)i. Si), ■■■, (X n , (•,•)»> S n ) 
for some n £ {2,3}, are irreducible locally finite root systems. Set X := Xi ® 
■ • • ® X n and (•, •) := (•, -)i ® • • • ® (•, •)„ and consider the locally finite root system 
(X, (•,•), S := UJL 1 S'i). Take W to be the Weyl group of S. If 1 < i < n and Si 
is a finite root system of rank I > 2, we take {io\,... ,w{} C Q g) z Xi to be a set 
of fundamental weights for Si and if Si is one of infinite locally finite root systems 
Bt)Ct) Dt or BCt as in \1.29\) . by we mean ei, where 1 is a distinguished 
element of T. Also if Si is one of the finite root systems {0, ±a} of type A\ or 
{0, ±a, ±2a} of type BC±, we set oj\ := ^ a. Consider 5* and R := R re U Rf rn as 
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in the following table: 


n 

Si (1 < i < n) 

Rre 

< 5 * 


type 

2 

Si = A e , S 2 = A e (i e z- 1 ) 

Si 0 S 2 

"1 + “1 

±W< 5 * 

A(l,l) 

2 

Si = Bt, S 2 = BC t , (|T|, |T'| > 2) 

Si 0 S 2 

“1 + U 1 

W6* 

B(T, T') 

2 

Si = BC t , S 2 = BCt / (|T|, |T'| > 1) 

Si © S 2 

1 1 2 

U 1 + W 1 

W< 5 * 

BC(T, T') 

2 

Si = BC t , S 2 = BCt / (|T| = 1, |T'| = 1) 

Si © S 2 

2 u:\ + 2uf 

W< 5 * 

BC(T, T') 

2 

Si = BC t , S 2 = BCt / (|T| = 1, |T'| > 1) 

Si 0 S2 

2cj{ -|- u)] 

W6* 

BC(T, T') 

2 

Si = D T , S 2 = Ct‘ (|T| > 3, |T'| > 2) 

Si 0 S2 

"t + u>i 

W 5 * 

D(T, T') 

2 

Si = C T , S 2 = CV (|T|, |T'| > 2) 

Si © S2 

I 1 2 

“1 + "1 

W< 5 * 

C(T, T') 

2 

Si = Ai, S 2 = BC t (|T| = 1) 

Si © S2 

2cg| “I - 2 uf 

W< 5 * 

B( 1, T) 

2 

Si = Ai, S 2 = BC t (|T| > 1 ) 

Si 0 S 2 

2cu^ -|- uj] 

W<5* 

B( 1, T) 

2 

Si = Ai, S 2 =C T (|T| >2) 

Si 0 S 2 

wf + uf 

W<5* 

C( 1 ,T) 

2 

Si = Ax, S 2 = S3 

Si 0 S 2 

uj j + Uj 

W5* 

AB( 1 , 3 ) 

2 

Si = Ai, S 2 = D T (|T| > 3 ) 

Si 0 S 2 

“1 + "1, 

W5* 

- 0 ( 1 , T) 

2 

Si = BCi, S 2 = B T (|T| > 2) 

Si 0 S 2 

2cu^ -|- td’i 

W5* 

B(T, 1 ) 

2 

Si = BC\, S 2 = G 2 

Si 0 S 2 

2uj^ -|- 

W(5* 

G(l,2) 

3 

Si = Ai, S' 2 = A\ , S3 = Ai 

Si 0 S2 0 S3 

uii + uf + wf 

W<5* 

0 ( 2 , 1 , A) 

3 

Si = Ai, S 2 = Ai, S3 := C T (|T| > 2 ) 

Si 0 S2 0 S3 

ui\ + + uf 

W<5* 

0 ( 2 , T) 


For 1 < i < n, normalize the form (•,•), on Xi such that (S*,S*) = 0 and that 
for type D(2,T), = (wf, 10 ^) 2 - Then ((R), (•, •) Iy x a'j-^) * s an irreducible 

locally finite root supersystem of real type and conversely, if (X, (*, •), R) is an irre¬ 
ducible locally finite root supersystem of real type, it is either an irreducible locally 
finite root system or isomorphic to one and only one of the locally finite root super¬ 
systems listed in the above table. 


Lemma 1.33. Suppose that (C,TL, (•,•)) is an extended affine Lie superalgebra 
with irreducible root system R. Set V := span ¥ R and denote the induced form on 
V again by (-, •); see 1 1.19)) . Take V° to be the radical of the form. Suppose that 
V —> V := V/V° is the canonical projection map and take R to be the image of 
R under the projection map ”. Denote by (•, •), the induced form on V, then we 
have the following: 

(i) ( A (R), (■, -)IaxAi R) * s an irreducible locally finite root supersystem. 

(ii) There is a triple (V, R, in which 




V is a subspace of V with V = V ® V°, 

R CV and R is a locally finite root supersystem (in its Z-span) isomorphic 
to R; in particular, R re is a locally finite root system, 
for each a £ R, Sa is a nonempty subset of V° such that 
— R — + Sa), 


— 0 £ Sa for a £ 


(■ Rre)red R is of real type, 

R R is of imaginary type. 


— if Rim 7^ {0} and R is of type X ^ A(£,£),C(T,T'),C(1,T), then for 
all a, (3 £ (Rre)sh, Sa = Sp-, also for all a, £ {Rre)i g URf m , Sa = Sp, 

— if Ri m 7^ {0} and R is of type X 7^ A(£,£),C(T,T'),C(1,T), setting 
S := Sa for some a £ ( R re ) s h and F := Sp for some $ £ Ri m , we get 
that F is a subgroup of V° and 


S - 2S C S, S + FCS and 2S + F C F. 


Proof. Using the same argument as in [25* Lem. 3.10], one can see that R re 
is locally finite in its F-span in the sense that it intersects each finite dimensional 
subspace of span F .R re in a finite set. So using Lemmas 3.10, 3.12 and 3.21 of |2B], we 
get that R is an irreducible locally finite root supersystem in its Z-span. Also using 
[251 Lem. 3.5]; we get that R re is a locally finite root system and the restriction of 
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the form (•, •) to V re '■= span F ^ re is nondegenerate. Therefore we have 

(1.34) the restriction of the form (•, •) to Vq := spanQ.R re is nondegenerate. 

Since R re is a locally finite root system, by im Lem. 5.1], it contains a Z-linearly 
independent subset T such that 

(1.35) WtT = (Rre)? ed = Rre \ {2d | « G Rre}, 

in which by Wt, we mean the subgroup of the Weyl group of R re generated by r a 
for all a £ T. On the other hand, we know there is a subset II of R such that II 
is a Z-basis for span z .R; see [371 Lem. 3.13]. This allows us to define the linear 
isomorphism 

(p : spanQ R —>• Q <g)z span z .R 

mapping a to 1 <E> a for all a £ II. Now suppose that R is of real type, then 

^(spann-R^) = span^l <g) R re ) = Q <g> span z .R = <^(spanQ.R) 

which in turn implies that spanQ^ = span,Q,.R re . Therefore, span ^,R = spanjjT 
and so span F .R = span F T. But T is Z-linearly independent and so it is Q-linearly 
independent. We now prove that T is F-linearly independent. Suppose that 
{ai,... ,a n } C T and {n,...,r n } C F with )T]"_| r l a l = 0. Take {a^ | j G J} 
to be a basis for Q-vector space F. For each 1 < i < n, suppose {rf j £ J} C Q is 
such that r,; = r i a j- Then for each a £ T, we have 


n 0 /_ _ n 

^ (a, a) 


i=l 


riaj 


*=i j&J 


2 (aj,a) 
(a, a) 


= EE 5 

jeJ i=i 


,2 («i,a) 


- -v “j- 


(a,aj 


Since € Z, we get that for each j £ J and a £ T, 


(E r i ai ’ a ) = E r i a ) = °- 


i= 1 


i=l 


So by (11.341) . X)?=i r i a * = 0 for all j € J. But T is Q-linearly independent and so 
r\ = 0 for all 1 < i < n and j £ J. This means that 

(1.36) T is F-linearly independent. 

Next suppose that R is of imaginary type and fix a* £ Rf m - Using a modified 
version of the above argument together with [2S1 Lem 3.14] (see also [3B, Lem. 
3.21]), we get that 

(1.37) T U {a*} is F-linearly independent. 


For each element a £ T, we fix a preimage a £ R of a under and set 

K _f {a | a £ T} if R is of real type, 

( {a | a £ T} U {a*} if R is of imaginary type. 

We have using [22] Pro. 3.14] together with (11.351) that V = spanpN'. Therefore 

setting V := span F If and using (11.361) and (11.371) . we get that V = V © V°. We set 
R := {a £ V | 3cr £ V°, a + er £ R}, then I? is a locally finite root supersystem in 
its Z-span isomorphic to R. Also since K C Rn R, — K C R n R. So the subgroup 
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Wif of the Weyl group of R generated by the reflections based on real roots of K , 
we have 

Wk(±K) C RnR and ± WkK = f if £ is of real type, 


R» 


if R is of imaginary type. 


0 £ Sa for a £ 


We finally set S& ■= {cr £ V° | a + a £ i?} for d £ i?. Then i? = U dg ^(d + Sa) and 

(■ Rre)red R is of real type, 

R R is of imaginary type. 

Other assertions in the statement follow from the same argument as in Claims 3,4 
of the proof of Theorem 3.17 of [27]. □ 


2. Root graded Lie superalgebras 
D efinition 2.1. For a locally finite root supersystem R of type X. Set 
( {a £ R re | 2a R} U {0} if X ^ BC(T, T') 

Ro ■= { 

{ R re \ ( R 2 re ) sh if X = BC(T, T') and R re = R\ e © R 2 re 

and 

R\ := R \ Rq . 

We call elements of R 0 (resp. i?i) even (resp. odd) roots. 

We note that for a locally finite root supersystem i?, Rq is a locally finite root 
system. 

Definition 2.2. Suppose that ( A , (•,•), R) is a locally finite root supersystem and 
A is an additive abelian group. A Lie superalgebra C = £o © C\ is called an 
(. R , A) -graded Lie superalgebra if 

• the Lie superalgebra C is equipped with a (R)-grading C = © a e(ii)£“i that 
is 

- £q as well as C\ are (R)-graded subspaces, 

- [£“,£0] C C a+ P for all a,0 £ (R), 

• the support of C with respect to the (R)-grading is a subset of R, 

• £° = E«eR\ { 0 } 

• the Lie superalgebra C is equipped with a A-grading C = ©a £ a A £ which is 
compatible with the (i?)-grading on C, that is 

— Co as well as C\ are A-graded subspaces, 

— C a is a A-graded subspace for each a £ R, 

- [ X C, " C} C X +^C for all A, /x £ A, 

• there is a full subsystem $ of R such that for 0 a £ <f>, there are 0 

e £ °C PI C a and 0 / / £ °£n C~ a with k a := [e, /] £ Co \ {0} and for 
/? £ R and x £ C&, \k a ,x\ = (/3,a)x (we call {k a a £ $ \ {0}} a set of 
toral elements and refer to $ as a grading subsystem). 

An (i?, A)-graded Lie superalgebra C is called fine if for i = 0,1, the support Ci 
with respect to the (R)-grading is a subset of Rf, also it is called predivision if for 
a £ -R\{0} and A £ A with x C a := x CPiC a ^ {0}, there are e £ x C a and / £ ~ x C~ a 
such that k := [e,/] £ Cq \ {0} and for £ R and x £ C&, [k,x] = (fi,a)x. An 
(. R , {0})-graded Lie superalgebra is called an R-graded Lie superalgebra. 
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Lemma 2.3. Suppose that ( A , (•, •), R) is a locally finite root supersystem and A an 
additive abelian group. If Q = ©o-eA a G a is an (R, A)-graded Lie superalgebra 
with a grading subsystem 4>, then so is Q/Z(Q). Moreover, if Q is predivision, then 
G/Z(Q) is also predivision. 

Proof. Since Z(G) inherits the gradings on Q, for a £ R and a £ A, we have 

+ Z{G) G a + Z(G) ”G a 
Z(G) Z(G) ~ Z(G) 

and that 

G _ Go + Z(G) G i + Z(G) _ a G a + Z(G) 

Z(G)- Z(G) Z(G) “Jg eA Z(S) • 

More precisely, G/Z{Q) is equipped with compatible (R) and A-gradings. Now we 
prove that Z(G) C Q°. For this, we suppose a £ R \ {0} and show that G a H 
Z(G) = {0}. If G a = {0}, there is nothing to prove, so suppose G a ^ {0}. Since 
spanQ<h = Q ®zR, for each (3 £ R, there is a nonzero integer n with n/3 £ span z 4>. 
This together with the fact that the form (-, •) is nondegenerate on A = span z f?, 
guarantees the existence of an element 7 £ with (a, 7) ^ 0. Suppose that fc 7 
to be a toral element of Q corresponding to 7. For each 0 ^ x £ G a , we have 
[fc 7 ,x] = (a, 7)2 ^ 0, so x qL Z(G). This shows that G a fl Z(G) = {0}. To complete 
the proof, it is enough to show if e £ x G a and / £ ~ x g~ a for some a £ R \ {0} 
and A £ A with k := [e, f] £ Go\ {0} such that [k, x\ = (/3, a)x for /? £ R, x £ g 
then k ^ Z(g). So consider a, A,e,/ and k as above. Since a ^ 0, as before, there 
is /3 £ $ with (a,/3) ^ 0. Now for 0 ^ y £ °C? /3 , we have [k,y] = (/ 3,a)y ^ 0. This 
shows that k £ Z(ff) and so we are done. □ 

Lemma 2.4. Suppose that (£, R, (•, •)) is an extended affine Lie superalgebra with 
irreducible root system R. Keep the same notations as in Lemma \l.33\ and set A := 
( U deA^“)> then the core C c of £ is a predivision (R, A)-graded Lie superalgebra. 
Moreover, if R° C R 0 , then for i = 0,1, the support (£ c )i with respect to the 
(R)-grading is Ri. 

Proof. We note that for each root a £ R, C a is a Z 2 -graded subspace, so C c is a 
Z 2 -graded subalgebra of £. Moreover, we have 

£ c = ^ £“ +CT + X! [£“ +<T ,£ - “ +T ]. 

6t€R X ,cr€;Sa aGR X ,CrGSa,r^:S-a 

Therefore, we have 

£c = J2 = ( £ c)o © (Cc) 1 = Y A ( £ c) 

aGR CT GA 

where 

( r \0 _ V' v* \ ra+a r-a+T 1 

\^c) — 2-vcreS & I-'- b 

(Cc)o = £g FI C c and (£ c )i = £\ n C c , 

\Cc) = EdeAx + Edeflx E.es, [£ d+CT , Cr^~°] (A £ A). 

These define compatible (R) and A-gradings on C c . Now set 

^ f ( Rre)red if R is of real type 

\ R if R is of imaginary type. 
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We know from Lemma 11.331 that $ C R. Now for a £ $ \ {0}, since £ is an 
extended affine Lie superalgebra, by Ell Lem. 2.4], there are e £ £ Q = °(£ c ) a 
and / £ £~ a = °(£ c ) _a such that [e,/] = ta (we recall fa from Subsection 11.31) . 
Therefore, for x £ A (£ c )^ C £^ +A (/3 £ R, A £ A), we have 

[ta,x] = 0 + A )(ta)x = (tp +x , ta)x = (/3 + A, a)x = (/j, d)z. 

Now assume R° C i? 0 , then using the same argument as in E3 Pro. 2.14], one gets 

that 

(2.5) 

• if d £ R re and 2d ^ R , then ct + Si C S 0j 

• if a £ R* e and 2d £ R , then 2d + S 2 d Q Ro , 

• if d £ Rf rn . then d + Sa C i? 1; 

• if d £ i? T x e and d + a £ i?o for some a £ 5q, then a + r ^ R\ for all r £ Sa- 


Now the result easily follows if R is not of type BC(T, T'), B(T , T'), B( 1, T), B(T , 1) 
and G(l,2). So we just consider these mentioned types. From the classification 
table of Theorem ll.321 we know that for types BC{T , T'), B(T, T'), F(l, T), B(T , 1) 
and G(l,2), R re has two irreducible components Rf e and Rf e and that Rf m = 
( Rl e )sh + {Rre)sh■ We also recall from Lemma fl.33l that S = S&, for all d £ ( R re )sh, 
and F = Si, for all $ £ Ri g URim , satisfy S + F = S. Considering (12.51) . to complete 
the proof, we just need to show that if {*, j} = {1, 2}, {r, s} = {0,1} and d + cr £ R r 
for some d £ ( R l re ) s h and a £ 5, then 

(KM + SCRr and (R{ e ) sh + S C R s . 

So suppose that d + a £ R r for some d £ ( R l re ) s h and cr £ S. By (12.51) . d + r £ R r 
for all r £ S. Fix /3 £ (R J re ) s h and r £ S. Set a := a + T £ R r and pick e a £ £“ and 
e_ a £ £““ such that [e a , e_ a ] = t a . We know that for each £ £ F, 'y := $ — a + ( £ 

= {0}, so we get 

[£*,£ 7 ] 

= [[e a , e_ Q ], £ 7 ] 

= [e a , [e_ a , £ 7 ]] — (—l) r [e_ a , [e Q , £ 7 ]] 

= -^(—l) r [e- Q , [e a , £ 7 ]] 

which implies that {0} ^ [e Q ,£ 7 ] C £(?+] r+ ^. Therefore, 

{3 + t + ( £ R s (t £ S, (j £ F). 

But S + F = S, so we have $ + r\ £ R s for rj £ S. This means that 

(Rie)sh + S CR S . 

Finally using the same argument as above, we get that ( R l re ) s h + S C R r . This 
completes the proof. □ 


R\ and that [e_ Q ,£ 7 ] C £f +1 2 " T+? — 
{ 0 }^( 7 , a )£ 7 = 


Lemma 2.6. Suppose that (A, (•,•)', R) is a locally finite root supersystem, A a 
torsion free additive abelian group and Q = Go ® Q\ = ©AeA ©aeA X ^ a an (R, A)- 
graded Lie superalgebra with a grading subsystem $ and a set {ka | d £ $ \ {0}} of 
toral elements. For a £ 4>\ {0}, fix ea £ °G a and fa £ °g~ a such that ka = [e^, fa] 
and take T to be the linear span of {ka | d £ $ \ {0}}. Suppose that Q is equipped 
with an even nondegenerate invariant suppersymmetric bilinear form (•,•). 
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(%) Suppose that R = is the decomposition of R into irreducible sub¬ 

supersystems. Suppose that {dj | * £ 1} C $ is such that { k\ i € 1} is a basis 
for T. If j £ J and 7 £ <f>^ := R&) fl <j>, then k 7 £ span ¥ {kai \ i £ I, an £ 6^}. 
Moreover, if {77 | * £ /} C F with kj = 77 fed* 5 we have 7 = Eiei ridi £ F <E>zA 

(here we identify A as a subset of F A); in particular, for /3 £ R, 

(3:T —> F 

fed i-> (d,/3) (de$ \ {0}) 

is a well defined linear function. 

(ii) Q has a weight space decomposition with respect to T with the set of weights 
contained in {(5 \ ft £ i?}. 

(Hi) Suppose that Q is centerless. Assume that 7 £ R\ {0} and there are e £ Q 1 
and f £ Q _7 such that k := [e, /] satisfies 

[k,x] = 0,a)x (x £ QP). 

If{r, ra | a £ $\{0}} C Z\{0} and r 7 = Ede<fc\{0} then rk = Ede<fc\{o} r d fc «; 
in particular, k £ T and (e, /) ^ 0. 

(iv) Suppose that Q is centerless. Assume that 7 £ i?\{0} and there are e,x £ Q 1 
and f,y£ such that t := [x, y] and k := [e, f] satisfy 

[t,x\ = ($, a)x and [k,x] = ($,a)x (x£Q^). 

Then t = k and (x , y) = (e, /). 


Proof. (*) The form (•, •)' induces the F-bilinear form (•, -)f : (W®zA) x (F(3%A) — > 
F defined by 

(r (8> a, s <g> b)r := rs(a, 6); r, s £ F, a,b £ A. 

This is a nondegenerate symmetric bilinear form satisfying (span z i?^, span z i?^ )f = 
{0} for i. j £ J with i ^ j (see [26], Lem. 3.21]). Since spanQ*f> = Q <S>z R and 
span z i? = ©span z i?W, we get that 

span F <i?^ = span F i?^'. 


Suppose that j £ J and 7 £ _ Let ii,...,i n , j\,..., j rn , £ I are such that 

djj,..., dj n £ a h ,... ,d Jm 0 and = ri&d^ H -b r n ka in + sifcd^ + 

■■■ + Smka jm for some n,...,r„, £ F. For fS £ \ {0}, we have 

gP 7 ^ { 0 } and for 0 ^ x £ , we have 

( 7 ,/ 3 ) f x = (7 ,/3)x 

= [* 7 !®] 

= [n&d 4l H-h r n ka in + sifcd^ H- b s m ka jm , x] 

= n [fcd i:L , x] H-h r„ , x] + si [k &il ,x] H-b s m [&d Jm , x\ 

= n(d il , J 8 )x H-b r n (a in ,P)x + si(dj 1 ,/3)x H-b s m (a jm ,$)x 

= ri(dj 1 )J 8)x4-br„(d in ,/3)x 

= (xidjj H-br n d in ,/3) F :r 


This implies that 7 = rid 4l +• • -+r n di n as the form (•, -) F on span F ^^^ = span F $^^ 
is nondegenerate. Now we claim that kj = rika tl + • • • + r n kd, in ■ To show this, it 


19 


is enough to prove that (fcy — (nfcd H H-h r n ka in ), kp) = 0 for all $ £ 4> \ {0} as 

the form is nondegenerate on T. Assume $ £ <£> \ {0}, then 


{k'y ( 1*1 k t y i ^ V n ka_i n ), kp) 


( k y (7*1 ka il + • • ' + V n ka irl ), [e^, /^j) 
([^7 (?'lka il T * ‘ * d - Tnkai n )■> e^g], fp) 

(7 - ^id^ H- 1 - r n ati n ,$)w(ep, fp) 

0 (ep,fp) = 0. 


This completes the proof. 

(ii) We know that Q = ®p^Q^■ If x £ (id £ R), we have [ka,x\ = (/3,a)x = 
$(ka)x for all a £ 4> \ {0} and so we have [t,x\ = $(t)x for all t £ T. So Q has a 
weight space decomposition Q = (Bp^Q ^ with respect to T in which for $ £ R, 

g& = gp. 

(Hi) We know g = YipeR ^ and that for all a £ g& (/3 £ R), 


[rk — ^2 Xaka,a\ = r(/3,-j)a- ^ rd(/3,d)a 

dei>\{o} de<i>\{ 0 } 

= (P,rj- ^2 r a®) a = 0 . 
de4>\{o} 

This means that rk — X^deiuo} r a^a is an element of the center of g and so it is 
zero, i.e. rk = ]Cde4>\{o} r d^d! in particular, k £ T. Now to the contrary, assume 
(e, /) = 0, then for each ag$ \ {0}, 

(fc, k & ) = ([e, /], fed) = (e, [/, fed]) = (d, 7 )(e, /) = 0. 


This contradicts the fact that the form on T is nondegenerate. 

(iv) As g is centerless, it is immediate that t = k. We shall show that (e, /) = 
( x,y ). Since 7 / 0, there is d £ $ with ( 077 ) 7 ^ 0. Now we have 


(e,/)( 7 ,d) = (( 7 , d)e, /) = ([fcd,e],/) = (fc d , [e, f}) = (ka,k) 


(k,k<y) 

(k 1 [ed, fa]) 
([fc, ed], fa) 

(7,d)(ed,/d)- 


This implies that (e, /) = (ed,/d)- Similarly (x,y) = (ed,/d)- This completes the 
proof. □ 


Theorem 2.7. Suppose that (A, (■,■), R) is a locally finite root supersystem and 
A is a torsion free additive abelian group. Suppose that g = ®agA ®deA A 0“ is 
a centerless (R, A)-graded Lie superalgebra, with a grading subsystem <h, equipped 
with an invariant nondegenerate even supersymmetric bilinear form (-,•)■ Suppose 
that 

• for A, p £ A with A + p 7 ^ 0, ( x g, ^ g ) = {0}, 

• the form is nondegenerate on the span of a set of toral elements of g , 

• for A £ A with x g9 := </■ f~l x g fl g° 7 ^ {0} (i = 0,1), there are e £ x g? and 
f £ ~ x g f such that [e, f] g = 0 and (e, /) 7 ^ 0, 
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• for a £ R \ {0} and X £ A with x Gf := Gj D X G D G a ^ {0} (i = 0,1 ), there 
are e £ X Q “ and f £ ~ x Gf a such that k := [e, f] £ Go\ {0} and for ft £ R 
and x £ G 13 , [A:, a;] = ($,a)x, 

then G is isomorphic to the core of an extended affine Lie superalgebra modulo the 
center. 

Proof. Set V := F(g>zA. Identify A with a subset of V and fix a basis {A; | i £ 1} C A 
of V. Suppose that V* is the restricted dual of V with respect to this basis. We 
suppose {di | i £ 1} is the corresponding basis for VL Consider di (i £ I) as a 
derivation of G mapping x £ X G to d,(A)x for all A £ A. Set 

C :=G®V®V* 

and define 

deg(v ) = 0; v £ V ® V' 1 ’ 

/ 9 o\ ~[x,d\ = [d,x\:=d( X)x, (d£V\x£G), 

[ ’ [AV] = [V,£] = [Vt,Vt] :={0}, 

[x, y} ■= [x, y] g + £ igJ (dz(x), y)Xu (x, y £ G), 

where by [•, -]g, we mean the Lie bracket on G■ We next extend the form on G to a 
bilinear form on C by 

r? m (V, V) = (V+,Vt) = (V, 0) = (V+, G) := {0}, 

' ’ ' (v,d) = (d,v) := d(v), d£V\v£V. 

Then C = Cq ® C\, where Cq := Go © V © V* and C\ := Q \, together with the 
Lie bracket [•, •] is a Lie superalgebra and (•, •) is an invariant nondegenerate even 
supersymmetric bilinear form. 

For a £ l \ {0}, we fix £ °G a and /« £ °G~ a such that kd = [ed, fa] and 
that the form on 

T := span F {fca | a £ 4> \ {0}} 
is nondegenerate. We next set 

R :=T©VffiV t 

and note that the form restricted to % is nondegenerate. We identify R* with 
T*©V*©(Vt)* in the usual manner. We also consider A € V as an clement of R* 
by A (t + v + d) = d( A). We know that 

A = EE A ^o“©V®V t and = ’* 

at£R \£A cx(zii 

For i £ {0,1}, t £ T, v £ V, d £ Vf f3 £ R, X £ A and x £ x Gf, we have using 
Lemma \2.6{ ii) that 

[t + v + d,x\ = [ t,x] g + [d,x] = 0 + X)(t + v + d)x, 

[t + v + d,V® V f ] = {0}, 

so for i = 0,1, Cj has a weight space decomposition with respect to R with the 
set of weights 0 + A | /3 £ R, A € A, x G- t {0}}. Now suppose i £ {0,1}, /3 £ R, 
X £ A with /3 + A / 0 and C- i +X {0}. So if /3 y^ 0, there are e £ x Gj and 
/ £ ~ X Gf^ such that k := [e,f] g £ Go \ {0} and for x £ G^, [fe, x] 0 = 0, A /)x. 
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But since spanQ<£> = Q (g>z span z i?, there is a nonzero integer r G Z such that 
r /3 = Ldei\{ 0 } ^a. So = ;E ( i6$\{o} r « i: « e T by Lemma [Ml This implies 
that [e, /] £ %\ {0}. Also if /3 = 0. take e £ and / £ _A C/f ) such that [e, f] g = 0 

and (e,/) yf 0, then [e,/] £ H\ {0}. Therefore there are e £ £^ +A = A l?f and 

/ G £T*" A = “ A S^ with 0 ^ [e, /] G H. 

Take R to be the root system of C with respect to H and suppose d G R and 
A G A with d + A £ I?. If d = 0, then it is easy to see that = A in which 
^d+A as before is the unique element of R representing d +A through the form (•, •). 
Also if d y^ 0, we fix e £ x G a and / G ~ x G~ a such that for k := [e, /] G Go \ {0} 
and for all x G G 13 ($ G R) [fc,x] = (a,$)x. Then considering Lemma [2.61 it is 
easily verified that t^ +x = ( e,f)~ 1 k + A. Now it follows that R° = R (~l A and 

R x = {/3 + A | /3 £ i? x , A G A, X Q® y^ {0}}. We next show that adx is locally 
nilpotent for x G x G a = C a+X (d G R x and A G A with d + A G R). Let »GV and 
d G W, then adx(v) = 0 and if A = 0, adx(d) = 0. Next suppose that A y^ 0, then 
we have 


(■ adx) 3 (d ) = — A (d)(adx) 2 (x) 


-A(d)[x, [x,x\] 

-A {d)[x, [x,x\ g ] 

—A(d)0, [x, x\ g \g + ^ ~^{di{x ), [x, x]g )Aj 
ier 

-A (d)[x,[x,x\g]g G g 3a = {0}. 


Also for /3 G R, y G A and y G ^G^ , since R is a locally finite root supersystem, 
{ka + $ | k G Z} fl R is a finite set. Fix a positive integer N such that for m > N, 
ma + $ R. If A = 0, we have ( adx) N {y) = (ad g x) N (y) G G Na+ ^ = {0} in which 
ad g denotes the adjoint representation of G- If A y^ 0, we choose a positive integer 
n > N such that nA + y yf 0, then 


(adx) n (y) = (ad g x) n (y)+ '^2(d i (x),{ad g x) n 1 (j/))A i 

iei 

= ( ad g x) n {y ) G G n&+ P = {0}. 

Therefore adx is locally nilpotent. Thus (£,(•,•), Ti) is an extended afhne Lie 

superalgebra with root system R = {/? + A | /3 G R, A G A, X G ' 3 y^ {0}}. We now 
show that C c /Z(C c ) is a Lie superalgebra isomorphic to G • We know that 


c c = ^ x g & + Y Y C5©V. 

deflx.AeA aeR x X ’^ A 


Take II to be the restriction of the canonical projection map £ —> G to £ c with 
respect to the decomposition £ = £?©V©V’ i ’. Since C £ c for all d G i?\{0} and 
G° = X^deii\{o}[^ Q ’ 5~“] 5 , II is surjective. Also if x G G and v G V are such that 
i + sG Z{C c ). then [a; + v,G a ] = {0} for all d G R \ {0}. So [x,G a ] g = {0} for all 
d G .R\{0}. Then it follows that x G Z(Q) = {0}. Therefore Z(C c ) = £ c flV = kerll. 
This implies that £ c is isomorphic to G■ □ 


Example 2.10. Suppose that F = C and take /, J to be two disjoint index sets with 
cardinal numbers greater than 2. We use the same notations as in Subsection ll.il in 
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particular u is a vector superspace with a basis {u, | i G /U/U JU JU{0}} equipped 
with a supersymmetric bilinear form defined as in ED- For j,k G {0}U/U/UJUJ, 
consider ej t k and gl as in ED and ED and for T = '52j,k r i,k e j,k € fll, set T := 
Now set 

Cj := {X G fllj | (Xv,w) = —(—1)I- y H , 'I(u,Xu;);Vu,mj G u}; * = 0,1 
£ = £ g © Ci 

Q ■= £ n span R {ej ifc |, j, k G {0} U I U I U J U J}, 
n := span ]R {ht := e t)t - 4 := e fe;fc - | t G /, fc G J}. 

For i G / and j G J, define 

ei : 'H > M 5j : 'H > K , r , 

/it i ^ ^j,£, 4 /it (->■ 0, 4 t—>■ 3j,k, 


One can see that with respect to H, £ has a weight space decomposition £ = 
® ag _R£“ with the set of weights 

R ■= (±£r, ±(er ± e s ), ±4, ±(<5 P ± S q ),±(e r ±5 P ) \ 1 < r,s < m, 1 <p,q<n} 
and for 1 < r ^ s < m and 1 < p ^ q < n, 


C e r 

C~ e 

C 2e r 

C 

£ 

C 


-2t r 

2 S p 
-25„ 


= span R {t“(er.,o — (—l)“eo,r) | a = 0,1}, 

= span K {i“(ef.,o - (-l)“eo, r ) | a = 0,1}, 

= span K 2e rj r, 

= span M ier,r, 

= span Re Pj p, 

= span K ep,p, 

= span R {i“(er-,s - (—l)“e s ,r) | a = 0,1}, 

= span R {t“(er, s - (—l)“eg, r ) | a = 0,1}, 

= span R {t“(er-, s - (—l)“es,fO I « = 0,1}, 

= span R {t“(e p ,5 - (-1)“+%^) | a = 0,1}, 

= s P an R{*“( e p,9 - (- 1 )“ +1 e?.p) I ot = 0,1}, 

= s P an R{i a ( e p,9 + (- 1 )“ +1 e?.p) I « = 0,1}, 

= span R {t“(eo,p + (-l)“ +1 e P ,o) I a = 0,1}, 

= span R {i“(e 0l p - (-l)“ +1 ep, 0 ) I a = 0,1}, 

= span R {t“(e r ,p + (—l)“ +1 ep,r) | a = 0,1}, 

= span R {i“(ef.,p - (-l)“ +1 ep, r ) | a = 0,1}, 

= span R {t“(er.,p — (—l)“ +1 ep,r) | a = 0,1}, 

= span R {i“(ef.,p + (-l)“ +1 ep, r ) | a = 0,1}. 

It is easy to see that the Lie superalgebra £ := ^ a + is 

a B(I , J)-graded Lie superalgebra with grading subsystem ( R re )red■ 


£-er-e s 

£4-«s 
^*(5p + (5q 

f* &p &q 

jT$p <5q 

C 5 p 

C~ 5 P 

jT e r-\-dp 
f* <5p 

f'^ -r &p 

£ — £r~\~fip 


3. BC(I, J)-GRADED Lie superalgebras 

In this section we illustrate the structure of Lie superalgebras graded by the 
locally finite root supersystem BC(I, J). Throughout this section, we use the same 
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notations as in Section fTTTI in particular, we recall g as well as s from (11.41) . A u 
from m and R, A s from ED- We set 


>5 := {±e 


± ±£i, ±(5p ± 5 qi ±6i, ±5 P 


i £ I, j £ J} = Rl>{±2ei | i G /}; 


in fact ^ is a locally finite root supersystem of type BC(I, J). Suppose that £ is a 

Lie superalgebra such that 

(3.1) 

• £ contains g as a subalgebra, 

• £ is equipped with a weight space decomposition £ = © ae ^£ a , with respect to 1), 

•£° = £ a 6 * U o}[£ a ,£- a ]- 

It is easy to see that £ is a T-graded Lie superalgebra with R as its grading 
subsystem. One knows that m is just a generalization of the notion of root graded 
Lie superalgebra in the sense of [3 by switching from finite root supersystems 
to locally finite root supersystems. In this section, we study the structure of a 
Lie superalgebra £ satisfying ED- Throughout this section we suppose F is an 
algebraically closed field of characteristic zero; we also make a convention that for 
a map / defined on a set X , by , for x G X , we mean the image of x under /. 


3.1. Some Conventions. Suppose that a is an associative superalgebra and rj is 
a superinvolution of a, i.e., y is an even linear map with rj 2 = id and rj(ab) = 
(—l)l“l 1^177(6)77(0) for all a,b £ a. Next we assume C is an associative o-supermodule 
and x : C x C — > a is a superhermitian a-form of C, in the sense that \ is an even 
bilinear form satisfying 

X(x,y) v = (-l) |x||y| x(y,a;) and \{ax,y) = a\{x,y) 
for all x,y G C and a € a. Then b := b(a, C) := a ® C together with 

(a + c)(c/ + c') = (a ■ a' + 2*(c, c')) + (a • d + (-l)l a ' l|c| (a , ) r ' ■ c) 
is a superalgebra. We set 

A := {a £ a \ a 11 = a} and B := {a £ a \ a v = —a} 


and note that 


a = A®B. 


We next define 

o:CxC —>A (c,c')^ i(x(c,c') + (-l) |c||c ' l x(c',c)) 
v : C x C —» B (c,c')^ i(x(c,c')-(-l) |c||c,| x(c',c)). 
Finally for /3\ — a\ + 61 + Ci, /3 2 = a 2 + b 2 + c 3 G A ® B © C, we set 
(3.2) ’■= [«i , 0 , 2 } + \bi,b 2 ] + 2 ci<?C2, Pi := Ci and := c 2 . 
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3.2. Structure Theorem. We suppose |/|, | J| > 4 and fix a nonempty subset Iq 
of / of finite cardinal number m > 3 as well as a subset Jo of J of finite cardinal 
number n > 3 and set 

, $ := {±£i ± ±£i, ±(5 P ± 5 q , ±8 P , ±£i ± S p | i £ / 0 , j £ Jo}, 

1 J iT" := $ \ {±2e, | t G J 0 }. 

We next define the linear endomorphism id mjT1 on u by 


id m ,n • n t u 

Vq Uo, Ui !->• Vi, Vj, Vj !->• 0, Vj i-> 0, 

(i G I 0 U Jo, j G 7 U J \ (7 0 U J 0 )) 

and for «,»£« and x, y € g U s, define 

[u,u] : U > u; W ^ ( V,w)u + (-l)MM (u, w)v - 2m+i-2n id rn,n{w); W € U, 

moo:u —> u; w (v, w)u — (— 1 )MM ( Uj w)v; w £ u, 

X O y : = xy + (— - am+l-^n ^W- 
Theorem 3.4. Suppose that 2, is a Lie superalgebra satisfying the following: 

• £ contains q as a subalgebra, 

• 2 is equipped with a weight space decomposition £ = ffi ag 4,£“, with respect to t), 

•£° = £ aen {o}[^ £ -“]- 

Then there are a subsuperalgebra T> of 2, superspaces A,B,C, even bilinear maps 
• : a x a —> a • : a x C —> C, y : C x C —> a, (•, •) : b x b —> V 


in which b := a © C, and linear maps 

g : a —t a and <j> : V —> End(b) 

such that (a, •) is an associative superalgebra, (C, •) is an associative a-module, p is 
a superinvolution and y is a superhermitian a-form with the following properties: 

• (•,•) is surjective, supersymmetric and satisfy (A,B) = (A,C) = (B,C) = 
{0}, where A and B are respectively fixed and skew-fixed points of A under 
the map rj, 


• considering the superalgebraic structure on b as constructed in Subsection 
1 3.H for each d £ T>, we have 4>{d) is a superderivation of b; i.e., T> acts on 
b as superderivations, 


• dA C A, dB C B and dC C C, for all d £ T>, 

• [d, (/3,/3 7 )] = (dp,f>') + (-l)l d ll b 'l(/3, dp'), 

• E 0 (- 1 ) lftllAI <A,M3) = o, 

• (a, a')a" = 2 { 2 m + 1 _ 2 n) [[ot,a'] - [a,a'] T? ,a"\, 

• (a, a')c = 2(2m+ 1 1 _ 2 » ) ([a, a'} - [a, a'p)c, 

• (c,d)a= 2m+ \_ 2n [y(c, d) - y(c, c')\ a], 







25 


• (c, c')c" = 2m+ 1 l- 2 n (x( C > C ') ~ *( C > c')* 7 ) ■ c" + (-l)l c Kl c 'l + l c "l ) X (c', c") v • C- 
(-l) |c ' l|c " l x(c,c ,, ) r ' • c'. 

Moreover, we have the following: 

(i) There are sub super spaces £},£? and £ 3 of £ isomorphic to g® A,s ® B and 
u®C respectively such that 

£ = (£ 3 © £ 2 ® £ 3 ) + V. 

Furthermore, if either |/| = m and \ J\ = n or I U J is an infinite set, we have 

£ = £ 3 © £ 2 © £ 3 © V , 
more precisely , in these cases £ can be identified with 

(0 ® .4) ® (s ® B) © (u ® C) ® V. 

(ii) Identify £ 3 , £ 2 and £ 3 with 0®„4, s®£> and u®C respectively, the Lie bracket 
on £ is given by the following: 

(3.5) 

[x ® a, y ® a'] = (— 1) |tx||y 1 ([a;, y] ® |(a o o') + (x o y) ® |[a, a'] + str(xy)(a,a')), 

[x ® a, e ® b] = (-l)'°^'((ioe)igi \ [a, b] + [x,e] ® 5(006)), 

[e ® 6, / ® 6'] = (—l) |b|l/l ([e, /] ® ±(6 o 6') + (e o /) ® |[6, 6'] + str(ef)(b,b')), 

[*®a,M®c] = (—® a • c, 

[e ® 6, w ® c] = (—i)l fe ll“leu ® 6 • c, 

[w ® c, n ® c'] = (-l)^l”l((tiov)®(co c') + [u, v] ® (roc') + (u, v)(c, c')) 

1(01, fa), (Pufc)} = m,p2)pi,fi) + (-l^l+l/fclMlffl, {01,02) fi), 

[(0i,@ 2 ),x ® a] = 0 (00i ,/3 2 °a) + ( idm,n°x ) ® [$3 llftl ,a]) 


[(/3i,/3 2 ),e® 6] 

K/3i,/3 2 ),mI8>c] 


= ( ^m'+l-Zn)""' e] ® (001,0 2 °b) + ( idm O e) ® [/% .ft,, &]) 

~ 2m + l-2 n str «^)([6l,i>2], 6) 

- («...»««,*<) + (-1)IWH + Ifciw^, 

«- "“ l xC«- (-lys'W-tOT.c)’®. 


Remark 3.6. We mention that if |/| = m and |J| = n, then the last three Lie 
brackets in the above display will be converted to the following ones: 


(3.7) 


[(0i,02), x ® a] = (— ljlWW+IAalMa: ® (0 1 ,0 2 )a 
l(0i, 02), e <g> 6] = (-l)I^IN+|^||e| e0 ^i )/32 ) 6 

[(/3i,# 2 ),m ® c] = (_l)l*IM+l*IM u ® (0!,0 2 )c. 


0 

To prove Theorem l3.4l we first carry out the proof for the case that |/|, | J\ < 00; 
at the first step, we suppose I = Iq and J = Jq. 
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3.2.1. Finite Case-The First Step. In this subsection, we assume I = Jo, J = Jo 
and that £ is a Lie superalgebra satisfying m- Consider £ as a g-module via the 
adjoint representation, then £ is a locally finite g-module, i.e., any finite subset of 
£ generates a finite dimensional g-submodule (see [9j Lem. 2.2]). Therefore, it is 
a summation of finite dimensional g-submodules. Using Corollary 11.181 £ is com¬ 
pletely reducible such that each of its irreducible components is either isomorphic 
to one of g-modules g, u, s or it is a trivial g-module. Now collecting the isomor¬ 
phic g-submodules of the same parity, we may assume that as a vector space, £ is 
isomorphic to 

(g ® A) © (fl ffi Ai) ® (s ffi B 0 ) ® (s 0 Bi) © (u ffi C 0 ) ffi (u ffi Ci) ffi D; 

in which Ao, Ai, Bo, B\, Co and C\ are vector spaces and V is the centralizer of Q 
in £; in particular, I? is a subsuperalgebra of C. Setting 

A := Ao © A \, B Bo © B \, C i— Co © C \, U i— TJq © 7Ji , 

we can consider 

£ = (g ffi A) © (s <B> B) © (u ffi C) ffi V. 

Now using the same argument as in (H § 5], one can see that the Lie superalgebraic 
structure on C induces a superalgebraic structure on A ffi B ffi C and that the stated 
properties in Theorem 13.41 are fulfilled. 

3.2.2. Finite Case-Compatibility of Subsuperalgebras. Throughout this subsection, 
we assume that m! > m, n' > n, I = {1,..., m'},J = {l,...,^} and Iq = 
{1,..., m}, Jo = {1,..., n}. We also assume 

£:= J2 H [£“,£““] 

aS'I'VfO} aC^VfO} 

is a Lie superalgebra satisfying m- Consider £ as a g-module. As in the previous 
subsection, it follows from Corollary 11.181 that £ is decomposed into irreducible 
submodules, more precisely, 

( 3 . 8 ) £ = 0 (i) © vU) 0 s(t) 0 E 

iei jeJ t&T 

in which gW is isomorphic to g, V*- 0 is isomorphic to u, s ^ is isomorphic to 5 for all 
i G I,j £ J,t £ T and E is a trivial g-module. As before, collecting the isomorphic 
g-submodules, we may assume 

(3.9) £ = (gffi.4) ffi (s®B) ffi (u®C) ®E, 

in which A, B,C are vector superspaces. We recall (13.31) and use Proposition II.81 to 
get that 

s ; = E s a + E [0 a ’0' a ] 

ae-R m ' n \{0} aeii m ’"\{0} 

is a subsuperalgebra of g isomorphic to osp(TO,n) with Cartan subalgebra 

n= J2 

agi jm,r>\{ 0 } 

and root system R . Consider (13.31) and set 

C:= ^ E [ £Q > £_a ]- 

ae$\{0} ae$\{0} 
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It is easy to see that £ has a weight space decomposition £ = £“ with respect 

to "H with 

™ f £ Q ae$\{0} 

l E« 6 *\ {0 }[£“,£- q ] « = o. 

This in particular implies that 

(3.10) £ Q =^(g«) a ®^(V w )“©^(s w ) a (a€$\{0}). 

iei jeJ teT 

Moreover, setting 

Ai := span z I? f~l A u and A 2 := span Z R nA s , 

and using Proposition 11.81 we have the following (^-modules 

0 (i) “ E ae H-\ { 0}(fl (i) )“ + Eaefl m '"\ { o}[0“> (0 (i) )- Q ]> 

U® := E« 6 a A{ 0}(V W )“ + EaeA lU O}[0“: (VW)-“], 

*5 (t) := E Qe A 2 \{o } (« (t) )“ + E ae A 2 \ { o } [0“> 

which are respectively isomorphic to Q, to the natural module U of Q and to the 
second natural module S of Q. Also it is immediate that 

1) £ contains Q as a subalgebra, 

2) £ is equipped with a weight space decomposition £ =0£ a , with respect to 'H, 

a£4 

3) £°= Y [£“,£"“] 

ae<i>\{o} 


and so as above £ is completely reducible with irreducible constituents isomorphic 
to Q , U, S or to the trivial module. Since J2iei ® E jeJ^^ ® E teT^^ a 

t/-submodule of £, there is a submodule V of £ such that 


u (i) © y s (t) ® V - 


iei 


jeJ 


teT 


But for each nonzero a £ \ {0}, 


£“ = £“ = ^( 0 W) a ® 0 H (s(t) ) a - 5Z g{i) ®J2 uU) 0 H s(t) - 

iei jeJ teT iei jeJ teT 

This means that T) is a trivial ^-module. Now considering m and using the fact 
that vector spaces are flat, we may assume 


£ = (G © A) © (S © B) © {U 0 C) © V, 


in fact we identify Q 0 A, S © B and U © C with subspaces of g © A, s © B and 
U0C respectively. Now using the same argument as in [24], Lem. 3.6 and Pro. 
3.10], A © B © C is equipped with a superalgebraic structure derived from the Lie 
superalgebraic structures on £ and £, 


£ = ((g 0 A) © (u 0 B) © (s 0 C)) + V 
and the stated properties in Theorem 13.41 hold. 
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3.2.3. Proof of Theorem \ 3. 41 We recall that Ig C I and Jo C J are finite subsets 
with | J 0 1 = m and \Jq\ = n. Take A and T to be index sets with a symbol 0 belonging 

to A fi T such that {I\ | A G A} (resp. {J 7 | 7 G T}) is the set of finite subsets of I 

(resp. J) containing I 0 (resp. Jo). For (A, 7 ) G AxT, set 

ip A ' T : = n span z {e;, 5 P \ i G I\,p G J 7 }, A^’ 7 := A u l~l span z {e;, <5 P | i G I\,p G J 7 }, 

R n := R n span z {ei, 5 P \ i G I\,p G J 7 }, A 2 ’ 7 := A s D span z {e;, 5 P \ i G I\,p G J 7 }. 


and take 

T 7 == E^Vt £ q + u "' 7 := «“ + E„ eA M 


-'a-GM' 

0 A ’ 7 : =E a6 ^.T0“ + E„ Pfl A, 7 [0“,0-“], « A ’ 7 == E„ cA ?.t *“ + E, 


■‘aeR X 


i6A 1 

»€ a) 


16 A 

> 6 A, 


_o: _ — a 
A,t 0 S . 


Using the result of Subsection 13.2.21 we find a subsuperalgebra T> of £ and 
superspaces A, B and C such that the properties stated in Theorem 13.41 are satisfied 
and 

£°'° = (g°’° ( 8 > A) © (s°’° 8 B) © (u°’° <8 C) © V, 

moreover, for A G A and 7 Gb, 

£ A ’ 7 = ((fl A ' 7 <8 A) © (s A ’ 7 (8 B) © (u A ' 7 8 O) + V. 


Now the result follows using the same argument as in [24l Thm. 4.1]. □ 
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